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826. 


NOTE ON A PARTITION-SERIES. 


[From the American Journal of Mathematics, vol. vI. (1884), pp. 63, 64.] 


PROF. SYLVESTER, in his paper, “A Constructive theory of Partitions, &c.,” American 
Journal of Mathematics, vol. v. (1883), p. 282, has given the following very beautiful 
formula 


1 
elena E 2 
I (1 + ax) (1 + ast) aa 


(1+ az) (1 +a0?)(1 + ae)... =1 +71 + aa*) wa + 7— 


i 
Se a ie a 2 3 
tig i gp ip C t) + as) (1 + as) aa EI, 


or, as this may be written, 


Q=1+P+Q(1+as)+ R(1 + az) (1 + aa’) +S (1+ az) (1 +a) (1+ aa) +... : 
where 
_ (1 +a2*) xa _ (1+ art) a? _ (1 + art) a? a? _ (1+ aa*) at 
rises Tow o aaa eee ST gig gg? 8 
the heavy figures 1, 2, 3, 4,... of the denominators being, for shortness, written to 


denote 1—a#, 1—#*, 1— a, l — a, ... respectively. The «-exponents 1, 5, 12, 22,... are 
the pentagonal numbers 4 (83n? — n). 


To prove this, writing 


,_ ax , ae are’ , att ara? ad ; 5 at aa arn 
P=. Y= tis P=Tt+itios S= Tt 


1:74.97 T. 258° t+petie3stre3a SC 


where the z-exponents are 


2; 3,344; 4 4+5, 44546; 5, 546, 54647, 54+64+74+8; &, 
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we find without difficulty (see infra) that 
1+P=(1+ae)(1+P, 
14+ P’)+Q=(1 + ae) (1+ Q), 
1+ Q +R=(1 +a) (1 +R’), 
1+ f +8 =(1+ ae) (14+8’), &e.; 
and hence, using 2 to denote the sum 
Q=14+P4+Q(14+ az) + R(1 + ae) (1+ aa) + S(1 + az) (1 + aa) (1 + aa*) +..., 
we obtain successively 
Q+(1+axe)=14+P+Q+R(1 + aa’) +S (1 + aa) (1+ ae) +..., 
Q +(1 + az) (1+ aa) =14+04+R4+S8(1 + aa*)+ 714+ aa) (1 + ae) +..., 
Q +(1 + az) (1 +a) (1 + ae*)=14+ R4+84+ 714 az) +..., 


and so on. In these equations, on the right-hand sides, the lowest exponent of æ is 
2, 3, 4, &., respectively, so that in the limit the right-hand side becomes =1, or the 
final equation is Q ==(1+ax)(1+ aa*)(1+aa*)...; viz. we have the series represented 
by Q equal to this infinite product, which is the theorem in question. 


One of the foregoing identities is 
14+ Rf’ +S8=(1+ as) (1+ 8), 
viz. substituting for R’, S, S’ their values, this is 


awt aa ae (14 a) ata” 
i *{2*i.2.8" 1.2.3.4 


2 1 3 m18 4 
= (1+ an hit E ara aa ata \ 


1+ tie 0.318" PE PE Y 


viz. this equation is 


sua 2 — Aml 
PREi aa” (1 + aat) , aa aa" (1 + aa!) 
1 1.2 
aa — aia (1 + aat) a (1 + aa®) ata” — ata” (1 + aat) 
1.2.3 1.2.3.4 : 


that is, 


FEE ea” aa” a‘ a” aa 
a hae oh AE P 


In the same way each of the other identities is proved. 
Writing a = — 1, we have Q, =1.2.3.4...., 


=14+P4+Q.14+8.1.2+8.1.2.3+4..., 
where 


gu ita p Urei 


P=-(1+2)2, i : roy Wea 
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and therefore 

1.2.3.4...=1-(1+a)¢+(1 +2) &-—(14+ 2) a? +..., 
which is Euler’s theorem. 


It might appear that the identities used in the proof would also, for this particular 


value a=—1, lead to interesting theorems; but this is found not to be the case: 
we have 

Paani hg Vay A i, el 

ane oe hei FS oe Aaa alka em a 


but the expressions in terms of these quantities for the products 2.3.4..., 3.4..., &c., 
contain denominator factors, and are thus altogether without interest; we have, for 
example, 

Apte (1+ 2°) a 


2.3.4...=1+ i i 


+ &e., 


which is, with scarcely a change of form, the expression obtained from that of the 
original product 1.2.3.4..., by division by 1, =1-—w. And similarly as regards the 
products 3.4..., &c. 


Cambridge, June, 1883. 
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